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一、l陈��k)�一é话谈起

二、p��ê�Æ¥�“C¥kØC”

n、�d关Xe�ØC量9�XØC量
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�!l���k)��é{!å

1978c,��üù.

“n�/nS��和�u180◦,ù�命题Ø好.”

n>/nS�和=180◦ × (n− 2)

��
B

B
B

HH��
�
�
B
B

n>/n外��和= 360◦ [�±率π;勾股½理]

曲>/

p斯-ÆSúª

∫
Kdσ = 2π χ(M)

M: 曲面; K: p斯曲率; χ(M): M�î拉«5ê.
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�!p��ê�Æ¥�“C¥kØC”

;üõ�ª�最�úÏª3�*��ØC,���õ

�ª´Ä´Ø��õ�ª,3�*���U¬UC<

1. �量|��()题�把�量|=换为其4��5无关|)

2. Ý
��

1) �p��"f1���ê

2) 1�=��

3) �-'XeIO/¥1��ê

4) ²Ð�C�z�F/��F��ê

3. �5�m�维ê
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4. �5方程|3同)C/e“�{方程|”¥方程��ê

5. ¢二g.3非退化�5替换e��惯5�ê9符号差

6. �5�m分)为Ì环f�m��和�,�Ì环f�m�维ê9

特��(初�因f)

7. 齐g�5方程|基:)X¥)��ê(“)�m”�维ê)
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n!�d'Xe�ØCþ9�XØCþ

1. “��”观g�/成,´<类@£­.�­�?Ú.
(它´“抽�”�前提:k
(L面þ)w来Ø同�¯物,其¢´�同
�.)

1 5�"f;5�°J;5�;=5�YJ
2 5�YJ;5^~;5¬�Þ=5�ÔN
3 2�"f+3�°J=5�YJ
4 2�"f+1^~+2��=5�ÔN=1�°J+4¬�Þ

...
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2. l“��关X”发Ð�“�d关X”,´<类理5思维�­�?Ú

1) ég�5!é¡5!D45�8B!Jõ,�NÚÄ�Ñ“��'

X”���,/¤
“�d'X”

2) p��ê�Æ¥��d'X

1 Ý
��-'X9λ-Ý
��-'X

2 é¡�
��Ü'X

3 �
��q'X

4 Ù§(ØrN)

a) �þ|��d

b) �5�§|��d

c) �g.²�òz�5O�pz
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3) �d关Xe�ØC量9�XØC量

1 Ý
��-'X: �

λ-Ý
��-'X: �;Ð�Ïf|;ØCÏf|;1�ªÏf

|(λE −A÷�!)
2 ¢é¡�
�¢�Ü'X: �.5�ê;K.5�ê;ÎÒ�;�

(�X:o¥��)

Eé¡�
�E�Ü'X: �
3 �þ�
��q'X: Ð�Ïf|;ØCÏf|;1�ªÏf|;

(Eê�) (�X:cn¥��)

�;A��;,;1�ª;A�õ�ª
4 ¢�g.²�òz�5O�pz: �.5�ê;K.5�ê;ÎÒ

�;�

(�X:o¥��)

E�g.²�òz�5O�pz: �
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4) �d关X��d类、IO/、û8合

1 Vg：Äk3�½8Ü¥½Â“'X”;

,��y§´“�d'X”;

�da;

IO/;(Ó��5C�3ØÓÄe�Ý
;]“�L�”)

û8Ü.

b
c

a

2 IO/´<��.

IO/���IO: {ü;wÍ�N�XØCþ;¦�U��.
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3 p��ê�Æ¥�IO/ r�

i) Ý
��-'X(m× nÝ
):

︷ ︸︸ ︷

1
. . .

1
0

. . .

0


,r=�

λ-Ý
��-'X(m× nÝ
):



d1(λ)
. . .

dr(λ)

0
. . .

0


ùpdi(λ)|di+1(λ),ØCÏf|,�= r.
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ii) ¢é称方
�¢�合关X(n�方
):

p� q�︷ ︸︸ ︷

1
. . .

1

︷ ︸︸ ︷

−1
. . .

−1
0

. . .

0



,
p =�惯5�ê,

q =K惯5�ê
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Eé称方
�E�合关X(n�方
):

r�︷ ︸︸ ︷

1
. . .

1
0

. . .

0


, r=�
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iii) �þ方
��似关X(n�方
):

e�IO/


�

. . .



(n×n)

e�¬

λ0

1
. . .
. . . . . .

1 λ0
, 初�因f
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k理IO/


�

. . .



(n×n)

伴侣¬

0 −a0

1 0 −a1

1
. . .

...
. . . 0 −an−2

1 −an−1 ,ØC因fλn + an−1λ
n−1 + · · ·
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iv) ¢二g.²非退化�5替换互化(n�):

z2
1 + · · ·+ z2

p − z2
p+1−· · ·− z2

r ,ù里p =�惯5�ê,r =�,r = p+ q

[规范/!(IO/Ø唯一)]

E二g.²非退化�5替换互化(n�):z2
1 + · · ·+ z2

r ,r =�
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4 IO/�A^

——�命题�条�和(论3,«�d关XeÑØUC�,y明

命题��以“Ø妨b�∗∗´IO/”

例1. y明λ-Ý
�ØC因f�1列ª因f�关X.

例2. y明:

n�方
A�?一特��Ñk�(λiE −A) =�(λiE −A)2

⇐⇒ A�似ué�/方
.

例3. �n�方
A�特��þ为1,é?意g,êk,ÑkAk�A�

似.
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3. 同构关X

同构关X´一«­要��d关X(满vg反5、é称5、D4

5).

1) �5�m�Ó�

1 Ó�ê�Pþ��5�mL1�L2âU!´ÄÓ�

2 �5�m�Ó��Ó�N�

Ó�⇐⇒�3Ó�N�

Ó�N�


V�

{
ü�

÷�

��5

{
�\{

�¦{——ê¦


3 Pþ�5�mL1�L2Ó��¿�^�´§�k�Ó��ê

4 Pþ?¿n��5�mÑÓ�un�ê|�þ�mP(n)
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2) î¼�m�同构

1 î¼�mÑ´¢ê�Rþ��5�m
��î¼�mÓ�⇒���5�mÓ�(��Øé)

2 î¼�m�Ó��Ó�N�


Ó�⇐⇒�3Ó�N�

Ó�N�


V�

��5

�SÈ


3 î¼�mL1�L2Ó��¿�^�´§�k�Ó��ê

4 ?¿n�î¼�mÑÓ�un�ê|î¼�mR(n)
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3) �5C换环�Ý
环�同构

�5C换环: ê�Pþn维�5�mþ�体�5C换关u�5C

换�\法和乘法所成�环

Ý
环: ê�Pþ�体n�方
关uÝ
�\法和乘法所成�环

1 Ó�P!Ó�n��5�mþ��5C��âU!´ÄÓ�

2 Ó��Ó�N�: Ó�⇐⇒�3Ó�N�(�½�|Ä)

Ó�N�


V�

{
ü�

÷�

�$�

{
\{

¦{

3 �5C�: AÛ;�*!/�;Bu��!ín;��
4 Ý 
: �ê;äN!¢3;BuO�!í�;L�
5 Ý
��w�´�5C���“L«”
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o!Vg½·K�“�dQã”

“�dQã”=“充分7要条�”,=��þ´一回¯,lL�þ�

Ø同ý面阐ã同一�¯,´q一«“C¥kØC”.

1. “1列ª”�四«�d½义

1 ØÓ1ØÓ���¦È��êÚ;
2 8B½Â: k½Â1�!2��1�ª,2b�n− 1��®k½Â,�

½Ân�1�ª;
3 únz½Â: (1�ª´)��L,½Â���ê,÷v8^ún(y�

á¥1�ª�5�),K¡TL�1�ª;
4 ^�é¡Üþ5½Â1�ª.

2. “Ý
�-”�两«说法

1 �¦!m¦�_�
�±pC;
2 ²LÐ�1C�!�C��±pz.
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3.“两�f�m构成�和”�五«�d说法(PW1,W2´L�f�

m)

1 W1 + W2¥?��þ�©), L{��;
2 W1 + W2¥"�þ�©), L{��;
3 W1

⋂
W2 = {0};

4 dim(W1 + W2) = dimW1 + dimW2;
5 (W1 + W2)�Ä= W1�Ä

⋃
W2�Ä.
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4.“�½二g.”��二«�d说法(Pf = X ′AX)

1 ∀X 6= O,X ′AX > 0;
2 A�n��½�
;
3 X ′AX��.5�ê= n, ½ A��.5�ê= n;
4 k¢�_�
C, ¦A = C ′C;

5 A¢�Üu


d1

. . .

dn

 , diþ> 0 ½A¢�ÜuE;

6 A�Ìfªþ> 0;
7 A�^SÌfªþ> 0;
8 A−1´�½�
;
9 A?（��Ý
）́ �½�
;
10 k > 0, kA´�½�
;
11 X ′AX�IO/�d1y

2
1 + d2y

2
2 + · · ·+ dny2

n, diþ> 0;
12 X ′AX�5�/�z2

1 + z2
n + · · ·+ z2

n.
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5.“�_�5C换”��二«�d说法

“n维�5�mLn(P)��5C换A´�_�5C换”

1 kLn(P)��5C�B, ¦A B = BA = id（ð�C�）;
2 A3Ln(P)�?�|Äe�Ý
´�_Ý
;
3 éLn(P)�?�|Ä{α1, · · · , αn}, Ä�|{A (α1), · · · ,A (αn)}E
�Ln(P)��|Ä;

4 A���n, ½dimA (L ) = n;
5 A�"Ý�0, ½dimA −1({0}) = 0;
6 A�������m, ½A (L ) = Ln(P);
7 A�Ø�"�m, ½A −1({0}) = {0};
8 A´÷�;

(�ÏµdimA (L ) + dimA−1({0}) = n)

9 A´ü�;
10 �3��~ê�Ø�"�õ�ªf(x), ¦f(A ) = 0;
11 A�A���Ø�";
12 eL = L1

⊕
L2, KL = A (L1)

⊕
A (L2).
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6.“�5C换�é�化”£方
A�似ué�
¤��«�d说法

A´Ln(P)��5C换, A3Ln(P)�一|基e�Ý
为A.
1 �3Ln(P)��|Ä{α1, · · · , αn} ¦A3ù|Äe�Ý
�é�/

�
;
2 �3ê�Pþ�n��_�
P , ¦PAP−1�é�/�
;
3 Ln(P)¥k�|dA�A��þ�¤�Ä, ½Akn��5Ã'�A

��þ;
4 L = V1

⊕
V2

⊕
· · ·

⊕
Vn, Ù¥Viþ´A���ØCf�m;

5 L�¤kA�f�m��ê�Ú�un;
6 A�z�A��Ñ´A��, �z�A���AÛ­ê�Ù�ê­

ê��;
7 A���õ�ª´Pþp���gÏª�¦È;
8 A���õ�ªÃ­�;
9 Eê�þ�5�mLn(C)��5C�A�Ð�Ïf�´�g�, ½

e�¬�´1��;
10 Eê�þ�5�mLn(C)��5C�A�ØCÏfþÃ­�.
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7.“��C换”�五«�d说法
PA´n维î¼�mV��5C换

1 A´��C�;
2 (A (α),A (β)) = (α, β), ∀α, β ∈ V ;
3 |A (α)| = |α|, ∀α ∈ V ;
4 éV¥?¿IO��Ä{ε1, · · · , εn} =⇒ {A (ε1), · · · ,A (εn)} �´
IO��Ä;

5 A3?¿IO��Äe�Ý
´��Ý
.
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8.“k关�5C换�命题”�“k关方
�命题”互�=换

1) �5C�A�"zõ�ªÑ´��õ�ª��ª

�
A�"zõ�ªÑ´��õ�ª��ª;

2) E�5�mþ��5C�A , �½3·�Äe�Ý
�e�IO/

EÝ
A, �½�qu,e�/Ý
;

3) �"�5C�A�A���´0

�"�
A�A���´0;[
���5C�A�A���k1Ú0

���
A(A2 = A)�A���k1Ú0

]
;

4) E�5�mþ��5C�A�A�õ�ªXJÃ­�, KA3·�

Äe�Ý
�é�/

E�
A�A�õ�ªXJÃ­�, KA�½�qué�/�
;

5) �5C�A�A�õ�ª´A�"zõ�ª

�
A�A�õ�ª´A�"zõ�ª;
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6) E�5�mþ��5C换A�e�IO/´é�/

⇐⇒ A���õ�ª无­�

E方
A�e�IO/´é�/⇐⇒ A���õ�ª无­�;

7) �5C换A3?一|基e�Ý
Ñ�同⇐⇒ A´ê乘C换

方
A��似ug�⇐⇒ A´ê量方



k

. . .

k

;

8) A�?一�5C换£乘积¤��换⇐⇒ A´ê乘C换

A�?一方
£乘积¤��换 ⇐⇒ A´ê量方
;

9) �_�5C换A�特��λ 6= 0, 且1/λ´A −1�特��

�_方
A�特��λ 6= 0, 且1/λ´A−1�特��;
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10) �5C换A以0为一�特��⇐⇒ A�1列ª为0

方
A以0为一�特�� ⇐⇒ A�1列ª为0;

11) A ,B´n维�5�m�两��5C换, KA B��≥ A�

�+B��−n

A,B´两�n�方
, Kr(AB) ≥ r(A) + r(B)− n;

12) (¢)é称C换�特��Ñ´¢ê

¢é称方
�特��Ñ´¢ê;

13) ��C换�¢特���k±1

��Ý
�¢特���k±1;

14) (¢)é称C换A3·�IO��基e�Ý
´é�/方


¢é称方
A, Ñk��方
T , ¦TAT−1´é�/方
.
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9. 关u“�5方程|”�“�dQã”

1) ^�5�m�*:!�ó

1


a11x1 + · · ·+ a1mxm = b1

· · · · · · · · · · · · · · ·

an1x1 + · · ·+ anmxm = bn

=x1


a11

...

an1

 + · · ·+ xm


a1m

...

anm

 =


b1

...

bn



~ê���þ


b1

...

bn

L¤�5�§|Xê��þ��5|Ü�, |Ü

Xêx1, · · · , xmÒ´);
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2 e�5方程|km�未�ê, 把方程|�每一�)w�Lm¥�

一��量, K�5方程|�)8Ò´Lm¥��量8.

齐g�5方程|�)8, 构成Lm一�f�5�m£过�:¤,

齐g�5方程|�基:)XÒ´)�m�一|基.
x1

...

xm

 = k1


...
...
...

 + · · ·+ km−r(A)


...
...
...


非齐g�5方程|�)8, Ø构成f�5�m£Ø过�:¤或

说f�5�m²过了平移, T)8 “́一�特)\þ�出|�

)8”, 而�出|´�A�齐g�5方程| (“�”ÃÄ:)X)
x1

...

xm

 =


?
...

?

 + k1


...
...
...

 + · · ·+ km−r(A)


...
...
...

;
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3 Nõ关u�5方程|�命题�以^�5�m��óLã

例µ齐g�5方程|(I), (II), e(I)�Xê1�量|U�(II)�1

�量|�5L出, K(II)�)�m´(I)�)�m�f�m.

2) ^Ý
�观:、�ó

1


a11x1 + · · ·+ a1mxm = b1

· · · · · · · · · · · · · · ·

an1x1 + · · ·+ anmxm = bn

=


a11 · · · a1m

...
...

an1 · · · anm




x1

...

xm

 =


b1

...

bn



�5�§|�), =Ý
�§AX = b�)X =


x1

...

xm


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2 ^Ý
/ªLã�5方程|�命题

a) A(m,n)B(n,s) = O(m,s) ⇐⇒ B�z��Ñ´àg�5�§

|AX = O�);

; AB = O =⇒ r(A) + r(B) ≤ n. Ï)�m�ê= n− r(A),

∴ r(B) ≤ n− r(A) <

b) A(m,n)X(n,1) = b(m,1)k��)⇐⇒ A�÷�, �b�A���þ��

5|Ü;

c) A(m,n)X(n,1) = b(m,1)é?�m���þbÑk)⇐⇒ A�1÷�.

3 利 “̂�5方程|Ø同/ª�ó��互=化”�y明问题.

~K1:�A,B, C分O为m× n, n× p, n× qÝ
且r(A) + r(B) = n

, AB = O,AC = O.Áyµ∃p× qÝ
D¦C = BD¶且唯一�3

þãD ⇐⇒ r(B) = p.

y: AB = O, L明B�每一列�量Ñ´AX = O�)�量.

r(B) = n− r(A),L明B�列�量|�4��5无关|¥�量�

ê=“AX = O�基:)X¥�量�ê”.
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故B�列�量|¥含kAX = O�基:)X, U)成AX = O�

�Ü)�量.

AC = OL明C�每一列�量´AX = O�)�量, 故ÑU

dB�列�量|�5L出, 例

X


c11

...

cn1

 =


b11 · · · b1p

...
...

bn1 · · · bnp




d11

...

dp1

,

u´

k


c11 · · · c1q

...
...

cn1 · · · cnq

 =


b11 · · · b1p

...
...

bn1 · · · bnp




d11 · · · d1q

...
...

dp1 · · · dpq

,

=C = BD.

D唯一⇐⇒ B�列�量|Ò´AX = O�基:)X,

=B�列�量|�5无关, 也=r(B) = p.

y完.
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~K2: �A´m× n¢Ý
,Áyr(A) = r(AA′)

y: �IyAX = 0�A′AX = 0同).

AX = 0 ⇒ A′AX = 0´w,�.

y�A′AX = 0,KX ′A′AX = 0,=(AX)′AX = 0.PAX =


y1

...

yn



K
(

y1 · · · yn

) 
y1

...

yn

 = 0,=y2
1 + · · ·+ y2

n = 0.

因3¢ê范围S讨论,所以y1 = · · · = yn = 0, AX =


y1

...

yn

 = 0.

故AX = 0�A′AX = 0同).y完.
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3) ^��Ö�观:、�ó

1 
a11x1 + · · ·+ a1nxn = 0

...

as1x1 + · · ·+ asnxn = 0

(I)


b11x1 + · · ·+ b1nxn = 0

...

bt1x1 + · · ·+ btnxn = 0

(II)

3î¼�mR(n)��|IO��Äe,é1 ≤ i ≤ s

Pαi =


ai1

...

ain

,PX =


x1

...

xn

,K(I)��¤


(α1, X) = 0

...

(αs, X) = 0
(I)�)�þX,Ò´�α1, · · · , αsÑ���¤k�þ,=

´L1 =< α1, · · · , αs >()¤f�m)���Ö¥�¤k�þ.

Ïd,àg�5�§|(I)�)�m=´L ⊥
1 .

��/`,àg�5�§|�)�m,´ÙXê1�þ|)¤f�m

���Ö.
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2 利^“�5方程|Ø同/ª�ó��互=化”�)û问题

~K1: 已�两齐g�5方程|(I),(II)Xþ,求齐g�5方程

|(III),(IV),¦(III)�)�m´(I),(II)两ö)�m���

m,¦(IV)�)�m´(I),(II)两ö)�m�和�m.

): Pβj =


bj1

...

bjn

 , j = 1, · · · , t,L2 =< β1, · · · , βt > ,K(II)�

)�m为L ⊥
2 .

��所求(III)A´

{
(I)

(II)
,因为d�(III)�Xê1�量|)成�

f�m´L1 + L2,而(III)�)�mÒ´(L1 + L2)⊥ = L ⊥
1

⋂
L ⊥

2

,�´(I),(II)�)�m���m.

所求(IV)A´{(I)
⋂

(II) ,=�L1
⋂

L2�)成|�为(IV)�Xê

1�量|,u´(IV)�)�mÒ´(L1
⋂

L2)⊥ = L ⊥
1 + L ⊥

2 ,�

´(I),(II)�)�m�和�m.)完.
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~K2: �αi = (ai1, · · · , ain)>, i = 1, · · · , n,为n维î¼�

mR(n)¥�n ��量,G为α1, · · · , αn�GramÝ
,A = (aij)(n,n).

Áy: 齐g�5方程|GX = 0�AX = 0�)�m同构.

y: �Iyù两�)�m�维ê��,因d�Iyr(G) = r(A).

âGramÝ
�½义,G = ((αi, αj))(n,n) = AA′.

而â前面例题2�r(AA′) = r(A), 所以r(G) = r(AA′) = r(A).y

完.
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10. 其它�“�dQã”

1) üÝ
�-⇐⇒üÝ
�±ÏLÐ�C�pz
ü�
�q⇐⇒Ó��5C�3ØÓÄe��
L«
üé¡�
�Ü⇐⇒ü�g.�±²L�òz�5O�pz

2) êi�
A�B�q⇐⇒A�Ý
λE −A�λE −B�-

3) ¢é¡�
3���qez�é�/

⇐⇒¢�g.3���5O�ez�IO/
⇐⇒�g­¡3���IXe��§²=¶!£¶��IC�z�
IO�§
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“C¥kØC”À�e�p��ê�Æ

k
(L面þ)w来Ø同�¯物,其¢´�同�.

k
(L面þ)C化�¯物¥,其¢kØC���.

k
(L面þ)w来毫无联X�¯物,其¢´k密切联X�.
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